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Abstract-smectic liquid crystals are quasi-solid materials, in that they possess microstructure 
both of the material and the local type (the nematic microstructure and the lamellae). In the 
standard approach, the rod-like molecules are supposed to be strictly normal to the layers; here 
we abandon this constraint and admit the possibility for the molecules to change orientation with 
respect to the layers, paying in energy. As a consequence, we obtain two equations: one expresses the 
balance of micromomentum, the other is Cauchy’s equation. We derive also their form in the linear 
approximation and solve two typical problems. @ 2001 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Nematic and smectic liquid crystals are both quoted as convenient examples of continua with 
microstructure. Capriz in [l] has proposed a model of smectic A liquid crystals where both 
the orthogonality of the molecules to the layers and the distance between the layers are strictly 
preserved. Within that model, the class of possible motions is very restricted: for example, no 
solution exists for a Couette-type displacement. Within the model proposed by Napoli in [2], the 
second constraint is relaxed: the layers are allowed to contract or expand paying in energy. Thus, 
a larger class of motions is possible. Actually, both models of smectics are examples of continua 
with latent microstructure: Cauchy’s equation is sufficient to determine the motion of a smectic, 
but additional terms enter the equation of balance of momentum and of energy. 
Here we relax the constraint of orthogonality of molecules to the layers and admit the possibility 
for the molecules to tilt with respect to the normal to the layers, paying in energy. The centers 
of mass of the molecules making up an element are again supposed to be entrained by the gross 
motion. However, Cauchy’s equation is not sufficient to determine the direction of the molecules 
and an additional equation of balance of micromomentum is needed. 
As a test, the equations obtained in the linear approximation are solved for two very simple 
conditions: 
(i) the Couette-type displacement of a cell of smectic with strong planar anchoring boundary 
conditions; 
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(ii) the distortion induced by 
tropic conditions prevail. 
the contact with an undulating glass surface on which homeo- 
2. PRELIMINARIES 
Molecules of smectics are organized in layers, the lamellae, 
integer), 
w(2,7, Id,) = 0, 
delimited by surfaces CI, (Ic, an 
(I) 
where A* is an appropriate length-scale. One may exploit a property, which stems or the quasi- 
solid behaviour of the smectics, that a reference placement exists where the surfaces CI, (k = 
i,2,. . . , n,) are equidistant planes and, for that placement, 
w*(x*, kX,) = m, . x* - kX,, (2) 
where m, is a constant unit vector normal to the planes and A, is the distance between two 
adjacent planes. Because the surfaces are supposed to be entrained by the gross motion, say 
x = 3(x*, 7), 
then, using the inverse image x* = 1-‘(x,7), equation (1) becomes 
w(x, 7, kX,) = m, . 3-1(x, 7) - kX, = 0. (3) 
More precisely, w is defined only over a discrete set of values kX,. However, the cardinality 
of {kX,} is so great and the thickness of the lamellae so minute that, within the continuum 
scheme, we can take w(z, r, .) as defined over a whole interval of real numbers, as though, at each 
instant r, Uk& were everywhere dense in the whole smectic cell under consideration, whereas, 
& n I& is empty when k’ # k. 
Let X and m be, respectively, the distance between two adjacent smectic surfaces and a unit 
vector normal to the surfaces in the current placement. If 2 is a point of the kth surface, by (l), 
it satisfies the relation w(z, T, kX,) = 0, then z + Am is a point of the (k + l)th surface, and thus, 
satisfies the relation.w(a: + Am, 7, (k + 1)X,) = 0. By the linear dependence of w on k, we obtain 
w(x + Am, 7, (k + 1)X,) - N w 2, 7, kX,) + (grad w) . Am - A, = 0; ( 
hence, 
(gradw]X = A,. (4 
Thus, 1 gradw]-’ is the current thickness of the layers measured in multiples of A,. In particular, 
if 1 grad w] > 1, we have a compression of the layer (with respect to the reference placement); 
if ( gradwl < 1, we have dilation. 
3. CONSTRAINTS AND CONSTITUTIVE EQUATIONS 
In this section, we give the dynamics of smectics a setting within the general theory of con- 
tinua with microstructure, adapting appropriately steps taken in [l]. Were there no constraints 
and were the microstructural variable a vector n (not necessarily a unit vector), then Cauchy’s 
stress T, director self-force z, and microstress S would satisfy the following balance equations of 
momentum, moment of momentum and micromomentum (see, e.g., [l, Section 31): 
p? = Pf +divT, 
skw (T* + n @ E + (grad n)ST) = 0, 
(5) 
(6) 
pcrii=pb-z+divS. (7) 
Smectic Layers 675 
Here cx is a scalar coefficient of microstructural inertia and pb is the external body force on the 
microstructure. 
The power of all internal actions is given by 
T.L+z.jL+S.gradk 
In the presence of constraints, there are reactive components (say, 5, s, 5, respectively,) which 
enjoy the property that their virtual power for all allowed virtual rates vanishes 
$.L+;.k+i.gradri=O. (8) 
For the active components of T, z, S within statics, we follow current practice and accept the 
existence of a potential function 4(F, n, gradn), so that these components are given by (see, e.g., 
[3, equations 12.8, 12.91 where, however, the dependence on F is only through det F), 
$ = p $$ FT - (gradn)T5, 
a$ &p- ;=p 84 
6%’ a( grad n) ’ (10) 
In our case, n is the director of the optical axis in the current placement, hence, all time-rates of 
change of n must satisfy the property 
ri = Pa, (11) 
where P is the projector in the plane orthogonal to n, P = I -n@n, and a is an arbitrary vector. 
Besides, as the lamellae follow the macromotion, the director m is given by 
F-*m* 
m = IF-Tm*I’ (12) 
By insertion of (11) into (8), we obtain in components, 
+ijLij + EiPikak + ~Gij (P k,jak + Pikak,j) = 0. 
Because, locally, a is an arbitrary vector, grada an arbitrary tensor, and Lij is an arbitrary 
deviator (due to incompressibility constraint of the fluid), we are led to the conditions 
+ = +I, ;iPik + iijPik,j = 0, iijP& = 0. (13) 
However, 
- iij,jpik3 (14 
3 
where the first addendum on the right-hand side is zero by (13)rrr; hence, one obtains that 
P(g-divi) =O. 
Thus, to avoid reactive quantities, it is sufficient to project the balance equation of micromomen- 
turn on the plane normal to n, 
p&i--pb+g-div?l’ =O. 06) 
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Cauchy’s equation becomes, by insertion of (13)1 into (5), 
,og=pf -grad*+div?. (17) 
In statics, when there are no viscosity effects, (9),( 10) apply. We take here the potential function 4 
in the simple form 
4 = i 1 gradn12 + z (]gradw] - 1)2 + ; ]n x m12, (13) 
where the first addendum is the nematic potential within one-constant approximation (see, e.g., 
[4, p. 122]), the second term is an elastic energy of compression of layers and the third term is 
an elastic energy of tilt of molecules with respect to normal to the layer. Hence, we have 
2 = pa Qn, i = PK grad n, (19) 
? = -pK(gradn)Tgradn + py[(m - gradw) @gradw] + pa[(n .m)m @Q&n], (20) 
where Q is the projector in the plane tangent to the layers, Q = I - m @ m. 
To obtain (19), we used the identity 
If body forces are absent, the balance equations become 
P(cy Qn - K div grad n) = 0, (21) 
- grad r+pdiv { -K(grad n)T grad n + y[( m - gradw) 8 gradw] + a[(n. m)m ~3 Qn]} = 0, (22) 
with the additional condition 
det F = 1, 
due to constraint of incompressibility. 
4. LINEAR APPROXIMATION OF 
(23) 
EQUATIONS FOR A PLANE DISPLACEMENT 
Suppose that X, x, n can be expressed by the series 
co 00 00 
rr=rr*+ c ekr(“) , x = X* i- c ekuck), n = n* + c ekhck), (24) 
k=l k=l k=l 
with E a ‘small’ parameter. Let (E, <) be Cartesian coordinates of a material element during a 
plane displacement, choosing the second axis parallel to IL in order to have nl, = rn, = (0,l). 
By the use of relation 
gradw = FeTGradw, = FPTm,, 
we are led to, up the first order, 
gradw = (1) -eu:t;, 1 + EU[,E ) 
> 
m = (--a$., 1) , 
By insertion of (25) and (26) into (21)-(23), we obtain, for equilibrium, 
a hy) + u:;:) - rc. (hi& + h&) = 0, 
( 
--IT (l) ?E = 0, 
-n!;) + r& + (u ( 
(1) (1) hS)E + uC,<< 
) 
= 0, z&f; + z&y; = 0. 
(25) 
(26) 
(27) 
(28) 
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4.1. Couette-Type Displacement with Strong Planar 
Anchoring Boundary Conditions 
Now, let us suppose that the smectic liquid crystal fills a region contained between two parallel 
planes at a distance 6 and is subject to strong planar anchoring boundary conditions on the 
planes. We assume that one of two planes slides on the direction n* and seek a solution when 
each element also translates parallel to n* (Couette-type displacement). Thus, the equations of 
balance become 
(II 
( 
h?J + u:t:> - K h& = 0, h(i) + $1 _ 0 E,E CXE - * (2% 
-p) = 0 
?E ’ 
-r(l) = C-J, 
s (30) 
Notice that hc = 0 because n must be a unit vector, and hence, h . n* = 0. The boundary 
conditions are 
u:‘)(O) = 0, u:“(a) = E(T, E h(l)(O) = 0 ) hc1)(6) = 0 E . 
Thus, we are led to the explicit solutions 
(1) = u 
63/6 - 2&/o ( t3 c2 UC 3+26-2 ) -- a > (31) 
h(l) = 
E 63/G :2+ 6” - “) ’ (32) 
Notice that (31),(32) do not depend on y: compression/expansion of layers is of an order higher 
than the first; hence, comes the incompatibility between nonlinear and linearized version of the 
same problem found in [2]. Instead tilting, if admitted, has a role already within a first-order 
theory; actually that effect, generally not mentioned, could be important, when coupled with 
intermittency, in understanding the mechanism of shearing in Couette flow. 
In the limit of cx + 00 (when the energy required to tilt the molecules with respect to the 
normal tends to infinity), (31),(32) become 
$)= 2fJ 3 
--& +p, 12:) = s (t2 - 6<) , 
as obtained in [2], where the condition of orthogonality of the molecules with respect to the layers 
is imposed as geometric constraint. 
4.2. Distortion Induced by Contact with an Undulating Glass Surface 
Now we assume that the smectic is in contact with an undulating glass surface. We suppose 
that the smectic layers stay locally tangent to the surface, and thus, the molecules orthogonal to 
the glass surface (i.e., the surface is treated so as to impose homeotropic conditions) and study 
the distortion induced in the bulk (see, e.g., [5, p. 354-3551). 
The smectic occupies the region 0 < c < S between two glass surfaces and one of the surfaces 
is undulating. Thus, boundary conditions are 
?A:‘)(<, 0) = c cos pt, u:‘)(E,6) = 0, h(l)(< 0) = QsinP<, < , h(‘)(c 6) = 0 E’ . 
Thus, we are led to the solution 
21:) = ECOSPC 
eSC _ e17C26-C) 
1 -&NJ ’ v=b2 JZ; 
and in the limit 6 -+ 00, we obtain 
2~:) = E cos P[e-Vc. (33) 
Within the limit o -+ 00, i.e., smectic A, n/r 1: Xl, hence, 
Thus, the length of distorted zone is of the order of l/p2X,. This result, as remarked by de Gennes, 
is important, for example, when preparing a good single crystal of a smectic. It is necessary to 
work with glass plates that are polished with great care. 
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